Humanoid robots may require a degree of compliance at joint level for improving efficiency, shock tolerance, and safe interaction with humans. The presence of joint elasticity, however, complexifies the control design of humanoid robots. This paper proposes a control framework to extend momentum based controllers developed for stiff actuation to the case of series elastic actuators. The key point is to consider the motor velocities as an intermediate control input, and then apply highgain control to stabilise the desired motor velocities achieving momentum control. Simulations carried out on a model of the robot iCub verify the soundness of the proposed approach.
I. INTRODUCTION
The paradigm the stiffer, the better has characterised the design of robot actuation for years. This paradigm is well justified for position controlled industrial manipulators, where tasks usually require rapid and precise movements and very high repeatability. In the field of humanoid robotics, however, having a stiff actuation may be a strong limitation in terms of shock tolerance, efficiency, and safe interaction with humans [1] , [2] . To this purpose, compliance is usually added to the system by resorting to software techniques such as impedance or joint torque control: the effectiveness of these control strategies might be affected by time delays at any software level [2] . To add a degree of compliance, another widely held solution is the redesign of robot joints by adding a physical spring between the load and the transmission element. The additional compliance can either vary (Variable Stiffness Actuators) or remain constant (Series Elastic Actuators) [2] , [3] , [4] . The presence of joint elasticity, however, complexifies the control design associated with the underlying robot. This paper presents extensions of a momentum based controller for stiff actuated humanoid robots to the case of series elastic actuators.
In the control literature, several techniques for controlling fixed-base robots (e.g. manipulators) with elastic joints have been proposed. Regulation tasks, for instance, can be achieved using a PD controller with on-line gravity compensation [5] . Another possibility proposed in the last decade is to exploit the passivity properties of the overall system [6] , [7] . In both cases, it is possible to prove the local (or global) stability of the closed-loop equilibrium point associated with a set point. The extension of these control frameworks for addressing trajectory tracking problems may not be trivial. In the case the number of joints equals the number of actuators, a possibility is to make use of static or dynamic feedback linearization techniques [8] , [9] . * Analogously, passivity-based controllers for regulation tasks can also be extended for addressing tracking problems [6] . These techniques, however, use joint jerks and feedforward components that can be computationally heavy to compute for systems with a large number of degrees of freedom. Simplified controllers based on singular perturbation approaches can be designed when the system exhibits a two time-scale dynamics [8] . The main drawback of these techniques is the underlying hypothesis of high joint stiffness.
When dealing with humanoid robots, the fixed-base assumption may be a limitation for tasks such as robot walking. An alternative solution is to use the floating base formalism [10] , i.e. none of the robot link has an a priori constant pose w.r.t. an inertial reference frame. In this case, the control problem is further complicated by the system's underactuation, since it forbids full state feedback linearization [11] .
An effective technique for controlling floating base robots with rigid joints is the operational space control, where the control objective is often the stabilisation of the robot centroidal momentum [12] . The controllers designed for this objective are usually referred to as momentum-based controllers [13] . Momentum control can be achieved by controlling the forces the robot exerts at contact locations [14] , [15] , [16] , and these forces are then generated by the robot joint torques. To get rid of the (eventual) actuation redundancy associated with momentum control, a lower priority task is usually added during the stabilisation of the robot momentum. This secondary task aims at imposing a desired joint robot configuration, and plays a pivotal role for the stabilization of the system zero dynamics [17] .
Extending the momentum based controllers to the case of humanoid robots powered by series elastic actuators may not be straightforward. The present paper presents such an extension by assuming that the motor velocities can be used as an intermediate control input. This assumption allows us to retain much of the control infrastructure developed for the stiff joint case, included the gain tuning. Then, fast convergence of the motor velocities to the desired values is achieved via feedback linearization of the motor dynamics. Simulations performed on a model of the humanoid robot iCub verify the soundness of the proposed approach. This paper is organized as follows. Section II recalls notation, system modeling, a momentum control for robots with rigid joints, and the model for series elastic actuators. Section III details the proposed control strategy for controlling robots with elastic joints. Simulation results on humanoid robot iCub are presented in Section IV. Conclusions and perspectives conclude the paper.
II. BACKGROUND A. Notation
• I denotes an inertial frame, with its z axis pointing against the gravity. The constant g denotes the norm of the gravitational acceleration. • Given a matrix A ∈ R m×n , we denote with A † ∈ R n×m its Moore Penrose pseudoinverse. • e i ∈ R m is the canonical vector, consisting of all zeros but the i-th component that is equal to one. • We denote with m the total mass of the robot.
B. Modelling with rigid transmissions
The robot is modelled as a multi-body system composed of n + 1 rigid bodies, called links, connected by n joints with one degree of freedom each. We also assume that none of the links has an a priori constant pose with respect to an inertial frame, i.e. the system is free floating.
The robot configuration space is the Lie group Q = R 3 ×SO(3)×R n and it is characterized by the pose (position and orientation) of a base frame attached to a robot's link, and the joint positions. An element q ∈ Q can be defined as the following triplet: q = ( I p B , I R B , s) where I p B ∈ R 3 denotes the position of the base frame with respect to the inertial frame, I R B ∈ R 3×3 is a rotation matrix representing the orientation of the base frame, and s ∈ R n is the joint configuration characterising the shape of the robot. The velocity of the multi-body system can be characterized by
is the angular velocity of the base frame expressed w.r.t. the inertial frame, i.e. IṘ B = S( I ω B ) I R B . A more detailed description of the floating base model is provided in [18] .
We assume that the robot interacts with the environment by exchanging n c distinct wrenches. The equations of motion of the multi-body system can be described applying the Euler-Poincaré formalism [19, Ch. 13.5] :
where M ∈ R n+6×n+6 is the mass matrix, C ∈ R n+6×n+6 is the Coriolis matrix, G ∈ R n+6 is the gravity term, B = (0 n×6 , 1 n ) is a selector matrix, τ ∈ R n is a vector representing the internal actuation torques, and f k ∈ R 6 denotes an external wrench applied by the environment to the link of the k-th contact. The Jacobian J C k = J C k (q) is the map between the robot's velocity ν and the linear and angular velocity at the k-th contact link. As described in [18, Sec. 5] , it is possible to apply a coordinate transformation in the state space (q, ν) that transforms the system dynamics (1) into a new form where the mass matrix is block diagonal, thus decoupling joint and base frame accelerations. Also, in this new set of coordinates, the first six rows of Eq. (1) are the centroidal dynamics 1 . As an abuse of notation, we assume that system (1) has been transformed into this new set of coordinates, i.e.
the robot centroidal momentum, and H L , H ω ∈ R 3 the linear and angular momentum at the center of mass, respectively. Lastly, it is assumed that a set of holonomic constraints acts on System (1). These holonomic constraints are of the form c(q) = 0, and may represent, for instance, a frame having a constant pose w.r.t. the inertial frame. In the case where this frame corresponds to the location at which a rigid contact occurs on a link, we represent the holonomic constraint as J C k (q)ν = 0. Hence, the holonomic constraints associated with all the rigid contacts can be represented as
is the velocity of the system's center of mass p c ∈ R 3 , and ω o ∈ R 3 is the so-called system's average angular velocity.
By differentiating the kinematic constraint (3), one obtains
In view of (1)-(2), the equations of motion are given by:
are the set of contact forces -i.e. Lagrange multipliers -making Eq. (4) satisfied.
C. Balancing control with robot rigid transmissions
We recall here the momentum-based control strategy implemented on the iCub humanoid robot [17] , [20] , [21] . The control objective is the stabilization of a desired robot momentum and the stability of the associated zero dynamics.
1) Momentum control: Recall that the rate-of-change of the robot momentum equals the net external wrench acting on the robot, which in the present case reduces to the contact wrench f plus the gravity wrenches. In view of Eq. (2), the rate-of-change of the robot momentum can be expressed as:
where e 3 = 0 0 1 0 0 0 ∈ R 6 . Let H d ∈ R 6 denote the desired robot momentum, andH = H − H d the momentum error. Assuming that the contact wrenches f can be chosen at will, then we choose f such that [17] :
If n c > 1, there are infinite contact wrenches f that satisfy Eq. (7a). We parametrize the set of solutions f to (7a) as:
To determine the control torques that instantaneously realize the contact wrenches given by (8), we use the dynamic equations (1) along with the constraints (4), which yields:
with Λ = J j M j −1 ∈ R 6nc×n , N Λ ∈ R n×n the projector onto the nullspace of Λ, and τ 0 ∈ R n a free variable.
2) Stability of the Zero Dynamics: The stability of the zero dynamics is attempted by means of a so called postural task, which exploits the free variable τ 0 in (9) . A choice of the postural task that ensures the stability of the zero dynamics on one foot is [17] : This result is a consequence of the postural control choice (10) and it is of some interest: it means that the closed loop joint dynamics depends on the total rate-ofchange of the momentum, i.e.Ḣ, but not on the different forces generating it. Hence, any choice of the redundancy f 0 does not influence the joint dynamicss, and we exploit it to minimize the joint torques τ in Eq. (9) .
In the language of Optimization Theory, we can rewrite the control strategy as a single optimisation problem as follows:
The constraints (11b) ensure the satisfaction of friction cones, normal contact surface forces, and center-of-pressure constraints. The control torques are then given by τ =τ * (f * ).
D. Series Elastic Actuator actuation case
The previous section has presented a balancing control assuming that the joint torque τ can be assumed as control input. This is the case, for instance, of a torque controlled robot where the motors are rigidly connected to the joints, eventually by means of harmonic drives. In this section, we present the extension of the model (1) when the interfaces between the motors and the joints are elastic elements, namely, the robot is powered by series elastic actuators. To this purpose, we make the following assumptions.
• The angular motor kinetic energy is due to its own spinning only, and the center of masses of each motor is along the motor axis of rotation; • Both stiffness and damping of the series elastic actuators can be considered linear versus its relative displacement absolute value and rate-of-change, respectively. • All motors are rigidly connected to the associated transmission element. Figure 1 depicts a simple block diagram of the series elastic actuator assumed to power the robot. In this picture, θ i is the i-th motor position, s i the i-th link position, η i is the transmission ratio, b i is the motor inertia, and k si and k di are the i-th link (torsional) stiffness and damping. Under the above assumptions, the model (5) can be extended by adding the dynamics of the motor angles θ = θ 1 ... θ n ∈ R n . Then (see [7] , [9] , [8] for details):
represents the coupling between the joints dynamics and the motors dynamics. The positive definite diagonal matrices describing joints stiffness and damping are K S = diag(k si ) and K D = diag(k di ), respectively. The positive definite matrix Γ = diag(η i ) ∈ R n×n is a transmission matrix, and
The control input is given by the motor torques τ m ∈ R n . The new system configuration space is the Lie Group
and a system configuration is represented by the quadruple q = ( I p B , I R B , s, θ). The velocity is then represented by the set V = R 3 × R 3 × R 2n , and an element of V is then ν = ( Iṗ B , I ω B ,ṡ,θ). The constraint equation (4) remains invariant, namely, it is not affected by the addition of the motor dynamics. In fact, this equation represents the fact that the feet acceleration, expressed in terms of q, is equal to zero for all the time.
Remark 1. We assume that the matrix M j in Eq. (2) does not contain terms due to the so-called motor reflected inertia. More precisely, the equations of motion for the rigid actuation case can be deduced by imposing K S − → ∞ in Eq. (12), which implies s − → Γθ,ṡ − → Γθ,s − → Γθ. Then, by summing up (12b)-(12c), and by multiplying (12c) times Γ −1 , one has:
These equations of motion characterise the system evolution in the case of rigid transmissions, and the term Γ −1 I m Γ −1 is called motor reflected inertia. Hence, we assume that M j does not take this term into account.
III. CONTROL DESIGN
The control of system (12) for robot balancing purposes may not be straightforward. In fact, assuming that the control objective is still the asymptotic stabilisation of the momentum errorH, then its rate-of-change is no longer influenced by the system control input, namely, the motor torque τ m . More precisely, the momentum equation (6) still holds, i.e.
By using the (feet zero-acceleration) constraint (4), i.e.
with the robot acceleration deduced from (12a)-(12b), i.e.
one observes that we can no longer relate the contact force f to the system input τ m . Consequently, the momentum rateof-changeḢ is no longer instantaneously influenced by the system input τ m .
For the same reason, the control algorithm recalled in section II-C is no longer applicable in the case of robots powered by series elastic actuators. In fact, even if one chooses a contact force f to achieveḢ(f ) =Ḣ * , then this force can no longer be generated by (9), i.e.
since τ does not depend upon the control input τ m , but only on the system state -see Eq. (13) .
In the language of Control Theory, we would say that the output H has a relative degree equal to two: the second order time derivative of H can be instantaneously influenced by the control input τ m . Then, one may attempt at the control of H by performing feedback linearisation ofḦ, and then choose the input redundancy for postural control.
Analogously, one may considerḟ as a fictitious control input in the dynamics ofḦ, i.e.
and then exploit the time derivative of (9) with (12c) to impose a rate-of-change of the contact force f .
The main drawbacks of these strategies -which are based on pure-feedback linearisation of an output with relative degree higher than one -are the following:
• they need of feedforward terms seldom precisely known in practice, such asṀ ,J, etc; • when series-elastic-actuators are introduced to substitute some, or all, rigid transmission mechanisms, they usually need a new time-consuming and specific gain tuning procedure; • they do not leverage the (usually) high frequency and reliable low-level motor velocity control. We then follow a different route to deal with series elastic actuators that aims -when the motors are equipped with itat exploiting the low level motor velocity control. In addition, the proposed strategy is shown to be robust against the feedforward terms usually needed by feedback linearisation, and can also exploit the gain tuning procedure developed for the rigid actuation case.
A. The balancing control for series elastic actuators
Eq. (12c) points out that the motor dynamicsθ is fully actuated. Then, any desired motor velocityθ d can be stabilised with any desired, small, settling time. This in turn implies that the motor velocity can be assumed as a virtual control input in the dynamics (12b). In the language of Automatic Control, assumingθ as control variable is a typical backstepping assumption. Then, the production of the motor torques associated with the desired motor velocities can be achieved via classical nonlinear control techniques [22, p. 589] or high-gain control. We later detail an implementation of the latter for obtaining the aforementioned motor torques and perform simulation results.
More precisely, we consider
as a fictitious control input in the joints dynamics (12b). Then, one has:
Observe that (15) concides with (5b) by substituting h j with h j and τ with β. In light of this, the control input β achieving balancing control -with the same objectives detailed in section II-C -is achieved by solving the optimisation problem (11) with the aforemetioned substitutions, i.e.
with h := (h b ,h j ), and
The optimisation problem (17) points out that the redundancy of the contact forces in achievingḢ(f ) =Ḣ * is no longer exploited to minimise the joint torques, but rather the torques induced by the motor velocities -compare Eqs. (11a) and (17a). This basically means that the solution to the above problem tends to minimise the desired motor velocities.
Once the optimisation problem (17) is solved, at each time instant the (desired) motor velocities are given bẏ
Now, if the series-elastic actuators provide the user with a velocity control interface, one can send as desired values to this interface the velocities (18) . On the other hand, if the series-elastic actuators provide as interface the motor torques τ m (often related to the motor P W M ), then one can apply high-gain control on the dynamics (12c) to stabilise the motor velocity (18) . In particular, motor velocity control via the motor torque τ m can be achieved by:
with K m ∈ R n×n a positive diagonal matrix. The closedloop motors dynamics is then given by:
which implies that the motor velocity tracking error stays relatively small for relatively high gains K m . It is important to observe that the control law (19) misses the feed-forward componentθ d , and it is not deduced by the application of pure backstepping techniques [22, p. 589 ]. All these missing elements represent a robustness test for the controller presented in this paper.
B. The mixed actuation case: stiff and elastic actuators
The framework presented above may be useful when the humanoid robot is powered by stiff and elastic actuators. In this case, one can still solve the optimisation problem (17) by properly defining the vectorsh j and p in Eq. (16) .
To provide the reader with an example of such a mixed actuation case, assume that the robot possesses m 1 stiff actuators -for which the associated joint torques τ m1 ∈ R m1 can be considered as control inputs -and m 2 series-elastic actuators, with n = m 1 +m 2 . Assume that in the serialisation of the joint angles s = (s m1 , s m2 ), the first m 1 joints are powered by stiff actuators, and the remaining m 2 by elastic ones. Then, the optimisation problem (17) can be solved with
where now θ ∈ R m2 .
IV. SIMULATION RESULTS
We test the proposed control solution by using a model of the humanoid robot iCub [23] with 25 degrees-of-freedom (DoFs). The inertia values b i are obtained from the motor datasheets, and their order of magnitude is around 10 −5 [kg m 2 ]. Realistic stiffness and damping values for the series elastic actuators are obtained from previous work on the design of SEA for iCub legs [3] , [4] . The stiffness value used for the experiments is 350 [ N m rad ] for all the joints while damping coefficient is 0.25 [ N ms rad ]. The transmission ratio is the same for all joints and set equal to η i = 1 100 .
A. Simulation Environment
The control algorithm (17)- (19) is tested by performing simulations in the MATLAB environment. The elements of the robot dynamics (mass matrices, jacobians, etc) in Eq. (12) are available at the MATLAB level thanks to our software infractructure detailed in [24] .
In particular, recall that q ∈ Q = R 3 × SO(3) × R 2n : it is then necessary to choose a representation for the Special Orthogonal Group SO(3). We use quaternion parametrization instead of Euler angles to avoid the introduction of artificial singularities. The resulting state space and its time derivative are given by:
The system evolution is obtained by integrating Eq. (12) with τ m as in Eq. (19) , using MATLAB variable step numerical integrator ode15s. For solving the optimization problem (17), we employ the qpOASES solver [25] . The numerical integration, as well as the constraint |Q| = 1, are enforced during the integration phase using additional integration terms [26] .
B. Tracking Performances
We evaluate the performances of rhe control laws (17)- (19) for tracking a desired center of mass trajectory while the robot is balancing on one foot. The reference trajectory for the center of mass is a sinusoidal curve with amplitude of 1 [cm] and frequency of 0.2 [Hz] along the robot lateral direction. Note that stability results presented in [17] are valid for quasi-static motions while balancing on one foot. However, we also verified numerically the effectiveness of the proposed control algorithm in case of highly dynamic movements. Simulation results for both one foot and two feet balancing are presented in a video attached to this paper. Furthermore, we perform an indicative sensitivity analysis on the tracking error in case of uncertainties on damping matrix K D . This analysis holds for this particular task, but results may vary in case other movements are required. Figure 2 shows the tracking error on center of mass trajectory. The thick blue line represents the center of mass error assuming perfect knowledge of system's damping. The dashed lines represent the error when the controller overestimates the real damping by 45% and 60%, while the dotted line is obtained when K D is underestimated by 60%. Focus on the case where K D is overestimated by the controller, since it may lead to unstable behaviours. In particular, the center of mass error is still not increasing up to an error of 45% on K D , while an error of 60% makes the system unstable. 
C. Comparisons between different control models
Theoretically, one may apply the control law obtained from (11) , which was developed under the assumption of stiff joints, when the system is, instead, powered by series elastic actuators, i.e. it is governed by (12) . We here show that in this case, the closed loop system may have unstable behaviours because the control model neglects joint elasticity. In particular, the solution to the optimisation problem (11) is a joint torque τ = Γ −1 τ m (see Remark 1) .
To test the controller obtained from (11) in the serieselastic actuator case, we impose a step response for the desired center of mass that translates into a step of 1 • for all upper body joints (torso and arms). Figure 3 depicts the norm of the joint position errors in both stiff and elastic control model. It is clear that the closed-loop system with the control (8)-(9)-(10) (blue line) is unstable, while the elastic joint controller (red line) ensures the convergence to the desired position.
D. Effects of torque saturation
On the real robot, it may not be possible to achieve the desired motor velocitiesθ d because of limited motor torques, and the controller might fail to stabilize the closed-loop system. To analyze the behaviour of elastic joint control in presence of limited motor torques, we add torque saturation to the simulation setup used in IV-B. The maximum motor torque available is obtained through motors datasheet and it is 0.34 N m. Figure 4 shows the effect of torques saturation on motor velocity of the stance foot ankle roll: the black line is the reference velocity. To better visualize the results, we cut the initial peak (around 50 rad S ). Dashed green line represents motor velocity without torque saturation, while the red line considers also torque saturation. In this second case, the convergence ofθ toθ * is slower, but stability is still retained. For the sake of simplicity, we focused our attention on motor velocity of the stance foot ankle roll, because this is the joint that requires the biggest torque for the given task. The convergence of all motors velocities to their desired values in presence of torque saturation is shown in the video attached to this paper.
V. CONCLUSIONS
This paper proposes a simple framework for extending the momentum based controllers developed for humanoid robots with stiff actuators to the case of series elastic actuators. It is based on the usage of motor velocities as a fictitious control input. Then, fast convergence of the motor velocities to the desired values is obtained through feedback linearization of motors dynamics and (if necessary) high control gains for motor velocity error. Compared to other strategies, our control framework is robust against the feedforward terms usually needed by pure feedback linearisation techniques, and allows us to easily extend the momentum based controllers developed for rigid joints to the elastic joint case.
In this paper, no experimental results are presented because series elastic actuators developed in [3] , [4] are about to be installed on the real robot. Future work consists in validating the controller with series elastic actuators for both iCub version 2.5 [3] and version 3 [4] .
